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The Γ -semihypergroup is a generalization of a semigroup, a generalization of a
semihypergroup, and a generalization of a Γ -semigroup. In this paper, we discuss
the roughness of Γ -subsemihypergroups and Γ -hyperideals (bi-Γ -hyperideals) in
Γ -semihypergroups. In addition, we consider rough sets with respect to the idempotent
regular relations in a quotient Γ -semihypergroup. The upper approximations with respect
to Green’s equivalence relations are derived in the context of Γ -subsemihypergroups and
Γ -hyperideals.
© 2010 Elsevier Ltd. All rights reserved.
1. Preliminaries and basic definitions
The concept of a rough setwas originally proposed by Pawlak [1] as a formal tool formodeling and processing incomplete
information in information systems. Since then the subject has been investigated in many papers. The theory of rough sets
is an extension of set theory, in which a subset of a universe is described by a pair of ordinary sets called the lower and
upper approximations. A key notion in the Pawlak rough set model is the equivalence relation. The equivalence classes are
the building blocks for the construction of the lower and upper approximations. The lower approximation of a given set is
the union of all equivalence classes which are subsets of the set, and the upper approximation is the union of all equivalence
classes which have a non-empty intersection with the set. It is a natural question to ask what happens if we substitute
the universe set with an algebraic system. Some authors have studied the algebraic properties of rough sets. Biswas and
Nanda [2] introduced the notion of rough subgroups. Kuroki, in [3], introduced the notion of a rough ideal in a semigroup.
Kuroki and Wang [4] gave some properties of the lower and upper approximations with respect to the normal subgroups.
Jun [5] discussed the roughness of Γ -subsemigroups and ideals in Γ -semigroups. In [6], Davvaz considered the relationship
between rough sets and ring theory, considered a ring as a universal set, and introduced the notion of rough ideals and rough
subrings with respect to the ideal of a ring. Also, rough modules have been investigated by Davvaz and Mahdavipour [7].
In [8], the notions of rough prime ideals and rough fuzzy prime ideals in a semigroup were introduced; see also [9,10,5,11].
In [12–14], Davvaz applied the concepts of approximation spaces and rough sets in the theory of algebraic hyperstructures;
see also [15–17].
This paper concerns the relationship between rough sets and Γ -semihypergroups. First, we consider the notion of a
Γ -semihypergroup as a generalization of a semigroup, a generalization of a semihypergroup, and a generalization of a
Γ -semigroup. Then, we introduce the notion of a rough Γ -subsemihypergroup (resp. Γ -hyperideal, bi-Γ -hyperideal) of
a Γ -semihypergroup which is an extended notion of a Γ -subsemihypergroup (resp. Γ -hyperideal, bi-Γ -hyperideal) in a
Γ -semihypergroup, and we give some properties of the lower and upper approximations in a Γ -semihypergroup.
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Hyperstructures represent a natural extension of classical algebraic structures, and they were introduced by the French
mathematician Marty [18]. In a classical algebraic structure, the composition of two elements is an element, while in an
algebraic hyperstructure, the composition of two elements is a set.
Let H be a non-empty set and let ℘∗(H) be the set of all non-empty subsets of H . A hyperoperation on H is a map
γ : H × H −→ ℘∗(H), and the couple (H, γ ) is called a hypergroupoid. Let A and B be two non-empty subsets of H and
x ∈ H . We define
Aγ B =
⋃
a∈A
b∈B
aγ b, xγ A = {x}γ A and Aγ x = Aγ {x}.
A hypergroupoid (H, γ ) is called a semihypergroup if, for all x, y, z of H , we have (xγ y)γ z = xγ (yγ z). A semihypergroup
(H, γ ) is called a hypergroup if, for all x ∈ H , we have
xγH = Hγ x = H.
Since the introduction of hypergroups (1934), hundreds of papers and several books have been written on this topic;
see [19–23]. A recent book on hyperstructures [20] points out on their applications in cryptography, codes, automata,
probability, geometry, lattices, binary relations, graphs, and hypergraphs. Another book [21] is devoted especially to
the study of hyperring theory. Several kinds of hyperrings are introduced and analyzed. The volume ends with an
outline of applications in chemistry and physics, analyzing several special kinds of hyperstructures: e-hyperstructures and
transposition hypergroups. The theory of suitable modified hyperstructures can serve as a mathematical background in the
field of quantum communication systems. The concept of Hv-structures [23] constitutes a generalization of the well-known
algebraic hyperstructures (hypergroup, hyperring, hypermodule, and so on). Actually, some axioms concerning the above
hyperstructures such as the associative law, the distributive law, and so on are replaced by their correspondingweak axioms;
see [24]. Now, we consider the notion of a Γ -semihypergroup.
Definition 1.1 ([25]). Let S and Γ be two non-empty sets. Then S is called a Γ -semihypergroup if every γ ∈ Γ is a
hyperoperation on S, i.e., xγ y ⊆ S for every x, y ∈ S, and, for every α, β ∈ Γ and x, y, z ∈ S, we have xα(yβz) = (xαy)βz.
If every γ ∈ Γ is an operation, then S is a Γ -semigroup. Let A and B be two non-empty subsets of S. We define
AΓ B =
⋃
γ∈Γ
{aγ b | a ∈ A, b ∈ B} =
⋃
γ∈Γ
Aγ B.
Let S be a Γ -semihypergroup and γ ∈ Γ . A non-empty subset A of S is called a Γ -subsemihypergroup of S if a1γ a2 ⊆ A
for every a1, a2 ∈ A. A Γ -semihypergroup S is called a Γ -hypergroup if, for every γ ∈ Γ , (S, γ ) is a hypergroup.
Example 1. Let (S, ◦) be a semihypergroup and Γ be a non-empty set. We define xγ y = x ◦ y for every x, y ∈ S and γ ∈ Γ .
Then S is a Γ -semihypergroup.
Example 2. Let (S, ◦) be a semihypergroup and Γ be a non-empty subset of S. We define xγ y = x ◦ γ ◦ y for every x, y ∈ S
and γ ∈ Γ . Then S is a Γ -semihypergroup.
Example 3. Let S = [0, 1] and Γ = N∗. For every x, y ∈ S and γ ∈ Γ , we define
γ : S × S → P ∗(S)
xγ y =
[
0,
xy
γ
]
.
Then, γ is a hyperoperation, and, for every x, y, z ∈ S and α, β ∈ Γ , we have
(xαy)βz =
[
0,
xyz
αβ
]
= xα(yβz).
This means that S is a Γ -semihypergroup.
Also, if γ ∈ Γ , then (S, γ ) is not a hypergroup, because 0.1γ S =
[
0, 0.1
γ
]
6= S. So S is not a Γ -hypergroup.
Example 4. Let S = {0, 1} and Γ = {β, γ } be defined as follows:
β 0 1
0 {0, 1} {0, 1}
1 {0, 1} {0, 1}
γ 0 1
0 0 1
1 1 0
.
It is not difficult to see that S is a Γ -hypergroup.
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Example 5. Let (G, ◦) be a group and H1, . . . ,Hk be normal subgroups of G such that H1 ⊆ H2 ⊆ · · ·Hk. Set Γ =
{γ1, . . . , γk}, where, for every 1 ≤ i ≤ k, the hyperoperation γi is as follows:
xγiy = Hi ◦ x ◦ y, ∀x, y ∈ G.
So, for every 1 ≤ i, j ≤ k, we have
xγi(yγjz) = xγi(Hj ◦ y ◦ z)
= Hi ◦ x ◦ (Hj ◦ y ◦ z)
= Hi ◦ Hj ◦ x ◦ y ◦ z
= Hmax{i,j} ◦ x ◦ y ◦ z.
Then, xγi(yγjz) = Hmax{i,j} ◦ x ◦ y ◦ z, and it is easy to see that G is a Γ -semihypergroup.
2. Lower and upper approximations
Suppose that S is a Γ -semihypergroup. A partition or classification of S is a family℘ of non-empty subsets of S such that
each element of S is contained in exactly one element of ℘.
Given a Γ -semihypergroup S, by ℘(S) we will denote the power-set of S. If ρ is an equivalence relation on S, then, for
every x ∈ S, [x]ρ stands for the equivalence class of xwith the represent ρ.
Let A and B be two non-empty subset of S. We define (A, B) ∈ ρ if for every a ∈ A there exists b ∈ B such that (a, b) ∈ ρ
and for every d ∈ B there exists c ∈ A such that (c, d) ∈ ρ. Now, we define the notion of a regular equivalence relation on a
Γ -semihypergroup.
Definition 2.1. Let S be a Γ -semihypergroup and γ ∈ Γ . An equivalence relation ρ on S is called regular on S if, for every
x ∈ S, we have
(a, b) ∈ ρ implies (aγ x, bγ x) ∈ ρ and (xγ a, xγ b) ∈ ρ.
In addition, ρ on S is called congruence if, for every (x, y) ∈ S and γ ∈ Γ , we have
z ∈ [x]ργ [y]ρ H⇒ [z]ρ ⊆ [x]ργ [y]ρ .
ρ is called complete if, for every x, y ∈ S and γ ∈ Γ , [x]ργ [y]ρ = [xγ y]ρ .
Lemma 2.2. Let S be a Γ -semihypergroup and ρ be a regular relation on S. If a, b ∈ S, then [a]ργ [b]ρ ⊆ [aγ b]ρ for every
γ ∈ Γ .
Proof. Suppose that x ∈ [a]ργ [b]ρ for γ ∈ Γ . Then there exist u ∈ [a]ρ and v ∈ [b]ρ such that x ∈ uγ v. Since (a, u) ∈ ρ and
(b, v) ∈ ρ, by regularity of ρ, we have (aγ b, uγ v) ∈ ρ. So x ∈ uγ v implies that there exists y ∈ aγ b such that (x, y) ∈ ρ,
and therefore x ∈ [aγ b]ρ . 
Let (S,Γ ) and (T ,Γ ′) be two Γ - and Γ ′-semihypergroups and Λ : Γ −→ Γ ′ be a map. Then φ : S → T is called
a homomorphism if for every x, y ∈ S and γ ∈ Γ we have φ(xγ y) = φ(x)γ ′φ(y), where Λ(γ ) = γ ′. If φ : S → T is a
homomorphism, then the set
kerφ = {(a, b) ∈ S × S | φ(a) = φ(b)}
is called the kernel of φ.
Proposition 2.3. kerφ is a regular relation on S.
Proof. It is easy to see that kerφ is an equivalence relation on S. Let a, b, x ∈ S and (a, b) ∈ kerφ. Thus φ(a) = φ(b). Now,
we have
φ(aΓ x) = φ(a)Γ ′φ(x) = φ(b)Γ ′φ(x) = φ(bΓ x).
So, for every u ∈ aΓ x there exists v ∈ bΓ x such that (u, v) ∈ kerφ, and for every w ∈ bΓ x there exists z ∈ aΓ x such that
(z, w) ∈ kerφ, so (aΓ x, bΓ x) ∈ kerφ. In the similar way, we obtain (xΓ a, xΓ b) ∈ kerφ, and so kerφ is a regular relation
on S. 
Example 6. Let G := (Z8, ·) and H1 = 0, H2 = 2Z8 = H ′1, H ′2 = Z8 as subsemigroups of G and set Γ = {γ1, γ2} and
Γ ′ = {γ ′1, γ ′2}, where γ1, γ2, γ ′1 and γ ′2 are defined as follows:
xγiy = Hixy, xγ ′i y = H ′i xy, ∀x, y ∈ G, (i = 1, 2).
It is not difficult to see that (G,Γ ) and (G,Γ ′) are two Γ - and Γ ′-semihypergroups. Now, consider f : G → G with
f (x) = 2x and h : Γ → Γ ′ with h(γi) = γ ′i . Then f is a homomorphism with K = Kerf = R ∪ R−1 ∪ IR, where
R = {(0, 4), (1, 5), (2, 6), (3, 7)} and IR is the identity relation.
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Theorem 2.4. Let S and T be two Γ - and Γ ′-semihypergroups and φ be a homomorphism from S to T . If A is a non-empty subset
of S, then φ(Aprkerφ(A)) = φ(A).
Proof. Since A ⊆ Aprkerφ(A), it follows that φ(A) ⊆ φ(Aprkerφ(A)).
Conversely, suppose that y ∈ φ(Aprkerφ(A)). Then there exists an element x ∈ Aprkerφ(A) such that φ(x) = y, so we
have [x]kerφ ∩ A 6= ∅. Thus, there exists an element a ∈ [x]kerφ ∩ A. So (a, x) ∈ kerφ, i.e., φ(a) = φ(x). Therefore,
y = φ(x) = φ(a) ∈ φ(A), and so φ(Aprkerφ(A)) ⊆ φ(A). 
Let S be a Γ -semihypergroup and ρ be an equivalence relation on S. By an approximation in S we mean a mapping
Aprρ : ℘(S) −→ ℘(S)× ℘(S), defined by Aprρ(X) = (Aprρ(X), Aprρ(X)), for every X ∈ ℘(S), where
Apr
ρ
(X) = {x ∈ X | [x]ρ ⊆ X} and Aprρ(X) = {x ∈ X | [x]ρ ∩ X 6= ∅}.
Apr
ρ
(X) is called the lower approximation of X in S and Aprρ(X) is called the upper approximation of X in S.
Theorem 2.5. Let ρ be a regular relation on a Γ -semihypergroup S and let A and B be non-empty subsets of S. Then
(1) Aprρ(A)Γ Aprρ(B) ⊆ Aprρ(AΓ B).
(2) If ρ is complete, then Apr
ρ
(A)Γ Apr
ρ
(B) ⊆ Apr
ρ
(AΓ B).
Proof. (1) Let w ∈ Aprρ(A)Γ Aprρ(B). Then w ∈ xγ y with x ∈ Aprρ(A), y ∈ Aprρ(B) and γ ∈ Γ ; therefore there exist
a, b ∈ S such that a ∈ [x]ρ ∩ A and b ∈ [y]ρ ∩ B. Since ρ is regular, it follows that aγ b ⊆ [x]ργ [y]ρ ⊆ [xγ y]ρ . On
the other hand, since aγ b ⊆ AΓ B, we have aγ b ⊆ [xγ y]ρ ∩ AΓ B, and so w ∈ xγ y ⊆ Aprρ(AΓ B). This shows that
Aprρ(A)Γ Aprρ(B) ⊆ ρ(AΓ B).
(2) Let u ∈ Apr
ρ
(A)Γ Apr
ρ
(B). Then u ∈ xγ y with x ∈ Apr
ρ
(A), y ∈ Apr
ρ
(B) and γ ∈ Γ . It follows that [x]ρ ⊆ A
and [y]ρ ⊆ B. Since ρ is complete, we have [xγ y]ρ = [x]ργ [y]ρ ⊆ AΓ B, and so u ∈ xγ y ∈ Aprρ(AΓ B). Hence
Apr
ρ
(A)Γ Apr
ρ
(B) ⊆ Apr
ρ
(AΓ B). 
A pair (A, B) ∈ ℘(S) × ℘(S) is called a rough set if and only if (A, B) = Aprρ(X) for some X ∈ ℘(S). A subset X of S is
called definable if Apr
ρ
(X) = Aprρ(X). If X ⊆ S is given by a predicate P and x ∈ S, then
1. x ∈ Apr
ρ
(X)means that x certainly has property P ,
2. x ∈ Aprρ(X)means that x possibly has property P ,
3. x ∈ S \ Aprρ(X)means that x definitely does not have property P .
Example 7. Let G be the Γ -semihypergroup in Example 6. If X = {0, 1} is a subset of G, then AprK (X) = {0, 1, 4, 5} and
Apr
K
(X) = ∅. If Y = {0, 4}, then AprK (Y ) = AprK (Y ) = {0, 4}.
The following example shows that the converse of Theorem 2.5(1) is not true.
Example 8. Let G be the Γ -semihypergroup in Example 6. If A = B = {4} is as the subset of G, then AΓ B = {0} and
AprK (AΓ B) = {0, 4}. Also, AprK (A) = {0, 4} = AprK (B), and so AprK (A)Γ AprK (B) = {0, 4}Γ {0, 4} = {0}. Therefore
AprK (A)Γ AprK (B) $ AprK (AΓ B).
3. Rough Γ -subsemihypergroups and Γ -hyperideals
Theorem 3.1. Let S be a Γ -semihypergroup and ρ be a regular and congruence relation on S. If A, B are non-empty subsets of
S, then
Aprρ(A)Γ Aprρ(B) = Aprρ(AΓ B).
Proof. Let x ∈ Aprρ(AΓ B); then [x]ρ∩AΓ B 6= ∅. Therefore there exists y ∈ [x]ρ∩AΓ B, and so, for some a ∈ A and b ∈ B, we
have y ∈ aΓ b. Now, we have x ∈ [y]ρ ⊆ [aΓ b]ρ ⊆ [a]ρΓ [b]ρ . Thus, there exist u ∈ [a]ρ and v ∈ [b]ρ such that x ∈ uΓ v, so
a ∈ [u]ρ ∩ A and b ∈ [v]ρ ∩ B. So u ∈ Aprρ(A) and v ∈ Aprρ(B), and we have x ∈ Aprρ(A)Γ Aprρ(B). Now, by Theorem 2.5,
we have Aprρ(A)Γ Aprρ(B) = Aprρ(AΓ B). 
Let ρ1 and ρ2 be two regular relations on a Γ -semihypergroup S such that ρ1 ⊆ ρ2. If A is a non-empty subset of S, it is
obvious that Aprρ1(A) ⊆ Aprρ2(A) and Aprρ2(A) ⊆ Aprρ1(A). In particular,
Apr (ρ1∩ρ2)(A) ⊆ Aprρ1(A) ∩ Aprρ2(A) and Aprρ1(A) ∩ Aprρ2(A) ⊆ Apr (ρ1∩ρ2)(A).
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Theorem 3.2. Let ρ be a regular relation on a Γ -semihypergroup S. If H is a Γ -subsemihypergroup of S, then
(i) Aprρ(H) is a Γ -subsemihypergroup of S, and
(ii) if ρ is complete, then Apr
ρ
(H) is empty or a Γ -subsemihypergroup of S.
Proof. (i) Assume that a, b ∈ Aprρ(H); then [a]ρ ∩ H 6= ∅ and [b]ρ ∩ H 6= ∅. So there exist x ∈ [a]ρ ∩ H and y ∈ [b]ρ ∩ H .
Since H is a Γ -subsemihypergroup of S, we have xγ y ⊆ H . By Lemma 2.2, we have xΓ y ⊆ [a]ρΓ [b]ρ ⊆ [aΓ b]ρ . Hence
[aΓ b]ρ ∩ H 6= ∅, which implies that aΓ b ∈ Aprρ(H). Therefore Aprρ(H) is a Γ -subsemihypergroup of S.
(ii) Assume that Apr
ρ
(H) 6= ∅. Since H is a Γ -subsemihypergroup of S, by Theorem 2.5, we have Apr
ρ
(H)Γ Apr
ρ
(H) ⊆
Apr
ρ
(HΓ H). On the other hand, HΓ H ⊆ H , so we have Apr
ρ
(HΓ H) ⊆ Apr
ρ
(H). Therefore, we obtain
Apr
ρ
(H)Γ Apr
ρ
(H) ⊆ Apr
ρ
(H).
This means that Apr
ρ
(H) is a Γ -subsemihypergroup of S. 
Definition 3.3. A non-empty subset A of a Γ -semihypergroup S is a right (left) Γ -hyperideal of S if AΓ S ⊆ A (SΓ A ⊆ A),
and is a Γ -hyperideal of S if it is both a right and a left Γ -hyperideal.
Let ρ be a regular relation on S. Then a non-empty subset A of S is called a ρ-lower (ρ-upper) rough Γ -subsemihypergroup
of S if Apr
ρ
(A) (Aprρ(A)) is a Γ -subsemihypergroup of S, and a ρ-lower (ρ-upper) rough right (left) Γ -hyperideal of S if
Aprρ(A) (Aprρ(A)) is a right (left) Γ -hyperideal of S.
Theorem 3.4. Let ρ be a regular relation on S. Then
(1) Every Γ -subsemihypergroup of S is a ρ-upper rough Γ -subsemihypergroup of S.
(2) Every right (left) Γ -hyperideal of S is a ρ-upper rough right (left) Γ -hyperideal of S.
Proof. (1) Let A be a Γ -subsemihypergroup of S. Since ∅ 6= A ⊆ Aprρ(A), it follows from Theorem 2.5 that
Aprρ(A)Γ Aprρ(A) ⊆ Aprρ(AΓ A) ⊆ Aprρ(A). So Aprρ(A) is a Γ -subsemihypergroup of S; that is, A is a ρ-upper rough
Γ -subsemihypergroup of S.
(2) Let A be a right (left) Γ -hyperideal of S. Then, by Theorem 2.5, we have
Aprρ(A)Γ S = Aprρ(A)Γ Aprρ(S) ⊆ Aprρ(AΓ S) ⊆ Aprρ(A).
Thus Aprρ(A) is a right Γ -hyperideal of S; that is, A is a ρ-upper rough right Γ -hyperideal of S. The other case can be
proved in similar way. This completes the proof. 
Theorem 3.5. Let ∅ 6= A ⊆ S and let ρ be a complete relation on S such that the ρ-lower approximation of A is non-empty.
Then
(1) If A is a Γ -subsemihypergroup of S, then A is a ρ-lower rough Γ -subsemihypergroup of S.
(2) If A is a right (left) Γ -hyperideal of S, then A is a ρ-lower rough right (left) Γ -hyperideal of S.
Proof. (1) Let A be a Γ -subsemihypergroup of S. Then, we have
Apr
ρ
(A)Γ Apr
ρ
(A) ⊆ Apr
ρ
(AΓ A) ⊆ Apr
ρ
(A).
Thus the ρ-lower approximation of A is a Γ -subsemihypergroup of S, and so A is a ρ-lower Γ -subsemihypergroup of S.
(2) Let A be a right Γ -hyperideal of S. Then
Apr
ρ
(A)Γ S = Apr
ρ
(A)Γ Apr
ρ
(S) ⊆ Apr
ρ
(AΓ S) ⊆ Apr
ρ
(A),
which means that the ρ-lower approximation of A is a right Γ -hyperideal of S. Hence A is a ρ-lower rough right
Γ -hyperideal of S. The left case is proved in a similar way. 
Example 9. Let G be the Γ -semihypergroup in Example 6. Since H = {0, 4} is a Γ -hyperideal of G, Apr
K
(H) = AprK (H) =
{0, 4} is a rough right and left Γ -hyperideal of G.
Definition 3.6. A Γ -semihypergroup A of S is a called a bi-Γ -hyperideal of Γ -semihypergroup S if BΓ SΓ B ⊆ B.
Example 10. Let S = [0, 1] and Γ = N, so S with hyperoperation xγ y = [0, xy
γ
] is a Γ -semihypergroup by Example 3. Let
t ∈ [0, 1] and set T = [0, t]; then T is a Γ -semihypergroup. Since TΓ S ⊆ T (SΓ T ⊆ T ), it follows that T is a right (left)
Γ -hyperideal of S. Also, TΓ SΓ T = [0, t2] ⊆ [0, t] = T ; therefore T is a bi-Γ -hyperideal of Γ -semihypergroup of S.
Theorem 3.7. Let ρ be a regular relation on S and A be a bi-Γ -hyperideal of S. Then
(1) A is a ρ-upper rough bi-Γ -hyperideal of S.
(2) If ρ is a complete regular relation such that the ρ-lower approximation of A is non-empty, then A is a ρ-lower rough
bi-Γ -hyperideal of S.
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Proof. (1) We obtain
Aprρ(A)Γ SΓ Aprρ(A) = Aprρ(A)Γ Aprρ(S)Γ Aprρ(A) ⊆ Aprρ(AΓ SΓ A) ⊆ Aprρ(A).
Combining this and Theorem 3.4(1), we conclude that the ρ-upper approximation of A is a bi-Γ -hyperideal. Hence A is
a ρ-upper rough bi-Γ -hyperideal of S.
(2) Assume that the ρ-lower approximation of A is non-empty. Then A is a ρ-lower rough Γ -subsemihypergroup of S (see
Theorem 3.5(1)). Moreover, we have
Apr
ρ
(A)Γ SΓ Apr
ρ
(A) = Apr
ρ
(A)Γ Apr
ρ
(S)Γ Apr
ρ
(A) ⊆ Apr
ρ
(AΓ SΓ A) ⊆ Apr
ρ
(A).
Hence the ρ-lower approximation of A is a bi-Γ -hyperideal, and consequently A is a ρ-lower rough bi-Γ -hyperideal
of S. 
Theorem 3.8. Let ρ be a regular relation on S. If A and B are a right Γ -hyperideal and a left Γ -hyperideal of S, respectively,
then
Aprρ(AΓ B) ⊆ Aprρ(A) ∩ Aprρ(B) and Aprρ(AΓ B) ⊆ Aprρ(A) ∩ Aprρ(B).
Proof. Since A and B are a right Γ -hyperideal and a left Γ -hyperideal of S, respectively, AΓ B ⊆ AΓ S ⊆ A and AΓ B ⊆
SΓ B ⊆ B. Hence AΓ B ⊆ A ∩ B, and we have
Aprρ(AΓ B) ⊆ Aprρ(A ∩ B) ⊆ Aprρ(A) ∩ Aprρ(B)
and
Apr
ρ
(AΓ B) ⊆ Apr
ρ
(A ∩ B) = Apr
ρ
(A) ∩ Apr
ρ
(B). 
Example 11. Let G be the Γ -semihypergroup in Example 6. We know that A = Z8 = B are left and right Γ -hyperideals
of S, respectively. So AΓ B = 0 and AprK (AΓ B) = {0, 4}. Also, AprK (A) ∩ AprK (B) = Z8 ∩ Z8 = Z8. Therefore,
AprK (AΓ B) $ AprK (A) ∩ AprK (B).
Now, if A = {0, 4} and B = G, then AΓ B = {0} and Apr
K
(AΓ B) = {0}. On the other hand, Apr
K
(A) ∩ Apr
K
(B) =
{0, 4} ∩ {0, 2, 4, 6} = {0, 4}. Therefore, Apr
K
(AΓ B) $ Apr
K
(A) ∩ Apr
K
(B).
4. Rough sets in a quotient Γ -semihypergroup
Let ρ be a regular relation on a Γ -semihypergroup S and γ ∈ Γ . For every [a]ρ, [b]ρ ∈ S/ρ, we define [a]ργρ[b]ρ =
{[z]ρ | z ∈ aγ b}. A pair (S/ρ,Γρ) is called a Γ -quotient hyperalgebra, where Γρ = {γρ | γ ∈ Γ }. When S is finite, S/ρ is
smaller than S, and its structure is usually less complicated than that of S. At the same time, S/ρ simulates S in many ways.
In fact, we may think of a Γ -quotient semihypergroup of S as a less complicated approximation of S.
Theorem 4.1. If S is a Γ -semihypergroup, then S/ρ is a Γρ-semihypergroup.
Proof. For every a, b, c ∈ S and γ , τ ∈ Γ , we have
[w]ρ ∈ ([a]ργρ[b]ρ)τρ[c]ρ ⇒ ∃[u]ρ ∈ [a]ργρ[b]ρ such that [w]ρ ∈ [u]ρτρ[c]ρ
⇒ u ∈ aγ b andw ∈ uτ c
⇒ w ∈ (aγ b)τ c = aγ (bτ c)
⇒ ∃v ∈ bτ c such thatw ∈ aγ v
⇒ [v]ρ ∈ [b]ρτρ[c]ρ and [w]ρ ∈ [a]ργρ[v]ρ
⇒ [w]ρ ∈ [a]ργρ([b]ρτρ[c]ρ).
So ([a]ργρ[b]ρ)τρ[c]ρ ⊆ [a]ργρ([b]ρτρ[c]ρ). Similarly, we obtain [a]ργρ([b]ρτρ[c]ρ) ⊆ ([a]ργρ[b]ρ)τρ[c]ρ . 
Example 12. Let G be the Γ -semihypergroup in Example 6. Set G/K = {0, 1, 2, 3} with 0 = {0, 4}, 1 = {1, 5}, 2 =
{2, 6}, 3 = {3, 7}. In addition, let ΓK = {γ1/K , γ2/K}, and for every x, y ∈ G/K ,
x(γ1/K)y = 0, x(γ2/K)y = xγ2y.
Then it can be verified that S/K is a ΓK -semihypergroup.
The lower and upper approximations can be presented in an equivalent form, as shown bellow.
Definition 4.2. Let S be a Γ -semihypergroup and ρ be a regular relation on S. Let A be a non-empty subset of S. Then
Apr
ρ
(A) = {[a]ρ ∈ S/ρ | [a]ρ ⊆ A} and Aprρ(A) = {[a]ρ ∈ S/ρ | [a]ρ ∩ A 6= ∅}.
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Example 13. Let G be the Γ -semihypergroup in Example 6. If A = {0, 1} is as the subset of G, then AprK (A) = {0, 1} and
Apr
K
(A) = ∅. If B = {0, 4}, then AprK (B) = Apr
K
(A) = {0, 4}.
Theorem 4.3. Let ρ be a regular relation on a Γ -semihypergroup S. If H is a Γ -subsemihypergroup of S, then Aprρ(H) is a
Γρ-subsemihypergroup of S/ρ .
Proof. Assume that [a]ρ, [b]ρ ∈ Aprρ(H); then [a]ρ ∩H 6= ∅ and [b]ρ ∩H 6= ∅. So, there exist x ∈ [a]ρ ∩H and y ∈ [b]ρ ∩H .
Since H is a Γ -subsemihypergroup of S, we have xΓ y ⊆ H . By Lemma 2.2, we have xΓ y ∈ [a]ρΓ [b]ρ ⊆ [aΓ b]ρ . Hence
[aΓ b]ρ ∩ H 6= ∅, which implies that [a]ρΓρ[b]ρ ⊆ Aprρ(H). Therefore Aprρ(H) is a Γρ-subsemihypergroup of S/ρ. 
Theorem 4.4. Let ρ be a regular and congruence relation on a Γ -semihypergroup S. If H is a Γ -subsemihypergroup of S, then
Apr
ρ
(H) is empty or a Γρ-subsemihypergroup of S/ρ .
Proof. Assume thatApr
ρ
(H) 6= ∅. Let [a]ρ, [b]ρ ∈ Apr
ρ
(H); then [a]ρ ⊆ H and [b]ρ ⊆ H . SinceH is aΓ -subsemihypergroup
of S, we have
[a]ρΓρ[b]ρ = [aΓ b]ρ ⊆ HΓ H ⊆ H.
This means that Apr
ρ
(H) is a Γρ-subsemihypergroup of S/ρ. 
5. Roughness with respect to the idempotent regular relations
First, we define the concept of an idempotent Γ -semihypergroup. A Γ -semihypergroup S is called idempotent if a ∈ aγ a
for every a ∈ S and γ ∈ Γ . A regular relation ρ on S is called idempotent if the quotient S/ρ is an idempotent
Γ -semihypergroup. A subset P of a Γ -semihypergroup S is called Γ -semihyperprime if aγ a ⊆ P (a ∈ S) implies a ∈ P .
Lemma 5.1. Let ρ be a regular relation on an idempotent Γ -semihypergroup S. Then S/ρ is an idempotent Γρ-semihypergroup.
Proof. It is straightforward. 
Example 14. Let S be an idempotent Γ -semihypergroup and φ : S −→ S be a homomorphism with K := kerφ. Then K is
an idempotent relation.
Theorem 5.2. Let ρ be an idempotent regular relation on a Γ -semihypergroup S. If A is a non-empty subset of S, then Apr
ρ
(A)
is a Γ -semihyperprime.
Proof. Let aγ a ⊆ Apr
ρ
(A). Since ρ is idempotent regular,
[a]ρ ∩ A = [a]ρΓ [a]ρ ∩ A = [aΓ a]ρ ∩ A 6= ∅.
This implies that a ∈ Aprρ(A), and therefore Aprρ(A) is Γ -semihyperprime. 
Theorem 5.3. Let ρ be an idempotent regular relation on a Γ -semihypergroup S. If A and B are non-empty subsets of S, then
Aprρ(A) ∩ Aprρ(B) ⊆ Aprρ(AΓ B).
Proof. Let c ∈ Aprρ(A) ∩ Aprρ(B); then there exist a, b ∈ S such that a ∈ [c]ρ, a ∈ A, b ∈ [c]ρ and b ∈ B. Since ρ is an
idempotent regular on S, aΓ b ⊆ [c]ρΓ [c]ρ = [c]ρ , and therefore aΓ b ⊆ [c]ρ ∩ AΓ B. 
Theorem 5.4. Let ρ be an idempotent regular relation on a Γ -semihypergroup S. If A and B are non-empty subsets of S, then
Apr
ρ
(A) ∩ Apr
ρ
(B) ⊆ Apr
ρ
(AΓ B).
Proof. Let c ∈ Apr
ρ
(A) ∩ Apr
ρ
(B); then [c]ρ ⊆ A and [c]ρ ⊆ B. Since [c]ρ = [c]ρΓ [c]ρ ⊆ AΓ B, c ∈ Aprρ(AΓ B). 
Theorem 5.5. Let ρ be an idempotent regular relation on a Γ -semihypergroup S. If A and B are a right and a left Γ -hyperideal
of S, respectively, then
Aprρ(A) ∩ Aprρ(B) = Aprρ(AΓ B).
Proof. This follows from Theorems 2.5 and 5.3. 
Remark 1. Let S be an idempotent Γ -semihypergroup and φ : S −→ S be a homomorphismwith K := kerφ. If A and B are
a right and a left Γ -hyperideal of S, respectively, then AprK (A) ∩ AprK (B) = AprK (AΓ B).
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6. The upper approximations with respect to Green’s equivalences
Let A be a non-empty subset of a Γ -semihypergroup S. Then the smallest left Γ -hyperideal containing A is SΓ A∩ A. The
set SΓ {a}∩{a} is called the principal left Γ -hyperideal of S generated by {a}. The principal right [two-sided, bi-]Γ -hyperideal
of S generated by a can be defined similarly. Then the equivalence relation L on S is defined by the rule that (a, b) ∈ L if
and only if SΓ a ∪ {a} = SΓ b ∪ {b}; that is, (a, b) ∈ L if and only if a and b generate the same principal left Γ -hyperideal.
Similarly,
(a, b) ∈ R if and only if aΓ S ∪ {a} = bΓ S ∪ {b},
(a, b) ∈ J if and only if SΓ aΓ S ∪ aΓ S ∪ SΓ a ∪ {a} = SΓ bΓ S ∪ bΓ S ∪ SΓ b ∪ {b},
(a, b) ∈ B if and only if aΓ SΓ a ∪ (aΓ a) ∪ {a} = bΓ SΓ b ∪ (bΓ b) ∪ {b}.
We put H = L∩ R and D = LΓ R = RΓ L. These equivalence relations are called Green’s relations on a Γ -semihypergroup S.
Theorem 6.1. Let A be a non-empty subset of a Γ -semihypergroup S. Then
(1) A ⊆ AprL(A) ⊆ SΓ A ∪ A,
(2) A ⊆ AprR(A) ⊆ AΓ S ∪ A,
(3) A ⊆ Apr J(A) ⊆ SΓ AΓ S ∪ AΓ SΓ A ∪ A,
(4) A ⊆ AprB(A) ⊆ AΓ SΓ A ∪ AΓ A ∪ A.
Proof. (1) It is obvious that A ⊆ AprL(A). Let c ∈ AprL(A); then there exists x ∈ S such that x ∈ [c]L ∩ A, and so (x, c) ∈ L,
and
c ∈ SΓ c ∪ {c} = SΓ x ∪ {x} ⊆ SΓ A ∪ A.
(2), (3) and (4) can be proved in a similar way. 
Theorem 6.2. For a Γ -semihypergroup S, the following hold.
(1) If A is a left Γ -hyperideal of S, then A = AprL(A) = SΓ A ∪ A.
(2) If A is a right Γ -hyperideal of S, then A = AprR(A) = AΓ S ∪ A.
(3) If A is a two-sided Γ -hyperideal of S, then A = Apr J(A) = SΓ AΓ S ∪ AΓ S ∪ SΓ A ∪ A.
(4) If A is a bi-Γ -hyperideal of S, then A = AprB(A) = AΓ SΓ A ∪ AΓ A ∪ A.
Proof. (1) Let A be a left Γ -hyperideal of S. Since SΓ A ∩ A is the smallest left Γ -hyperideal of S containing A, we have
A = SΓ A ∪ A. Then, it follows from Theorem 6.1 that
A = AprL(A) = SΓ A ∪ A.
(2), (3) and (4) can be proved in a similar way. 
Theorem 6.3. Let A be a non-empty subset of a Γ -semihypergroup S. Then
AprH(A) = AprL(A) ∩ AprR(A).
Proof. Since H = L ∩ R, it follows from Theorem 5.3 that
AprH(A) = AprL∩R(A) = AprL(A) ∩ AprR(A). 
Corollary 6.4. Let A be a Γ -subsemihypergroup of S. Then
(1) AprL(A)Γ AprR(A) ⊆ AprD(A),
(2) AprR(A)Γ AprL(A) ⊆ AprD(A).
Proof. Since D = LΓ R = RΓ L, the corollary follows from Theorem 6.3. 
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